Abstract. The one loop 3-point vertex functions of QCD in the maximal abelian gauge (MAG) are evaluated at the fully symmetric point at one loop. As a consequence the theory is renormalized in the various momentum (MOM) schemes which are defined by the trivalent vertices, as well as in the MS scheme. From these the two loop renormalization group functions in the MOM schemes are derived using the one loop conversion functions. In parallel we repeat the analysis for the Curci-Ferrari gauge which corresponds to the MAG in a specific limit. The relation between the Λ parameters in different schemes is also provided. 
Introduction.
One of the outstanding problems in quantum field theory is to understand the mechanism behind quark and gluon confinement. The former are the building blocks of hadronic states while the latter are the quanta which mediate the strong nuclear force. Unlike other fundamental particles in the standard model neither quarks nor gluons are seen in nature as isolated states. Though at high energy quarks behave as asymptotically free entities and to all intents and purposes are seen through their interaction within deep inelastic scattering, for example. However, this high energy property of asymptotic fundamentality does not persist at low energies. Instead infrared slavery dominates and single free quarks cannot be isolated. In other words the full quark and gluon propagators do not have simple poles at a zero or non-zero mass. There have been many attempts to explain the absence of free quark and gluon states. For background see, for instance, the review article [1] . One framework which has received attention is that where the infrared dynamics is based on an abelian theory involving magnetic monopoles, [1, 2, 3, 4, 5] . In a parallel of what occurs in superconductivity, colour charge is confined when the monopoles condense to produce an Abrikosov-Nielsen-Oleson string, [1, 2, 3, 4] . A main key in the whole picture is the underlying abelian structure within a theory which has a non-abelian colour group. Thus the actual mathematical structure of the colour group of the underlying quantum field theory describing the strong force plays an important role, [5] . This is either Yang-Mills theory which describes purely gluons or Quantum Chromodynamics (QCD) when quarks are included and involve the non-abelian Lie group SU (3). The abelian monopoles are associated with the quanta derived from the centre of the colour group. These are believed to dominate the infrared dynamics, [2, 3, 4, 5] . In other words the contribution from the remaining off-diagonal sector quanta are negligible.
To understand this picture further from a quantum field theory viewpoint requires accessing each sector of the colour group. However, in the canonical formulation of Yang-Mills or QCD using a linear covariant gauge fixing, one has no direct access to examining separate centre or off-diagonal gluon dynamics. Moreover, one requires techniques to study the field theory nonperturbatively. One useful method is that of Schwinger-Dyson equations. In this approach the aim is to solve the tower of coupled n-point functions, usually in a particular approximation, that allows clean access to the problem at hand. Though for an abelian monopole analysis one has to have a way of making contact with the centre directly. One way of achieving this is to choose an appropriate gauge fixing. One such gauge is the maximal abelian gauge (MAG), [4, 6, 7] . It is a nonlinear covariant gauge fixing where the centre and off-diagonal gluons are gauge fixed differently, [4, 6, 7] . While this has been used in Schwinger-Dyson analyses, such as [8, 9, 10] , and several lattice studies, such as [11, 12, 13, 14, 15, 16] , there has not been as much activity in the MAG compared with the Landau gauge. Encouraging results have emerged such as differing infrared behaviours of the centre and off-diagonal gluon and ghost propagators. Although the focus has primarily been on 2-point functions, more recently Landau gauge studies have turned to vertex functions and specifically 3-point functions, [17] . These functions have been studied at several momentum configurations. The two main ones are the asymmetric and the symmetric points. The former is easier to simulate on the lattice whereas the latter has relatively noisier signals. However, at the symmetric point there are no infrared problems since the momentum configuration is non-exceptional in contrast to the asymmetric point.
The issue of the subtraction point of the vertices is related to the area of renormalization schemes. In [18] the momentum (MOM) subtraction schemes were introduced for the 3-point vertices of QCD where the focus was on linear covariant gauges. This family of schemes are mass dependent renormalization schemes which are physical. The actual subtraction is such that after renormalization the Lorentz channel of the 2 and 3-point functions containing the divergences is unity at the renormalization point. This original analysis of [18] was extended to the next loop order recently in [19] . Given that the lattice measures vertex functions non-perturbatively and requires matching to the high energy behaviour, the more loop order information available at high energy allows one to have reduced error estimates on infrared measurements. In addition Schwinger-Dyson analyses of Green's functions requires matching. This was in part the motivation of [19] . Based on this and the interest in the infrared structure of QCD in the MAG, it is therefore the purpose of this article to provide an analysis of the 3-point vertex functions of QCD in the MAG at one loop. This will extend earlier work on the MAG for various colour groups, [20, 21, 22, 23, 24, 25, 26, 27, 28, 29] . Moreover, it will be a complete parallel of [18] for the linear covariant gauge fixings. We will also provide the symmetric point 3-point vertices both in the MS scheme as well as the various MOM schemes associated with the trivalent vertices. One major consequence is that the two loop renormalization group functions will be deduced in the MOM schemes. This is because the mappings of the various parameters between the schemes are derived from the one loop analysis. Hence these conversion functions between schemes are used in conjuction with the renormalization group equation and the known two loop MS renormalization group functions, [30] . As checks on the results we will compare with the nonlinear covariant gauge known as the Curci-Ferrari gauge, [31] . In a certain limit the MAG is equivalent to this gauge and we have performed the full analysis in the Curci-Ferrari gauge. By taking the limit from the MAG we will be able to verify agreement. Indeed the Curci-Ferrari gauge is of interest in its own right as it has a special feature. Originally it was noted in [31] that a BRST invariant gluon mass could be included in the Lagrangian. Clearly it is not gauge invariant but it was regarded as a useful tool for potentially modelling gluon mass. Indeed lattice and Schwinger-Dyson analyses in recent years have indicated that the Landau gauge gluon propagator freezes in the infrared to a finite non-zero value. The initial observations in this respect can be found in [32, 33, 34, 35, 36, 37, 38, 39, 40] . This freezing would correspond to some type of effective gluon mass. Moreover, studies in the MAG on the lattice suggest a similar phenomena but with differing masses for centre and off-diagonal gluons, [13, 14, 15, 16] . This splitting of masses in the infrared is believed to be symptomatic of the dominance of the abelian sector.
The paper is organized as follows. We provide all the relevant background to the MAG in section 2 including group theory identities we use when the centre is identified, the renormalization group scheme conversion functions and the computational setup for the symmetric point analysis. The subsequent sections are devoted to the explicit results. The MS amplitudes are given in section 3. The two loop renormalization group functions, amplitudes and conversion functions for the three MOM schemes are given respectively in sections 4, 5 and 6. The results for the related Curci-Ferrari gauge are presented in section 7 with the derivation of the relation between the Λ parameters given in section 8. Concluding remarks are given in section 9. An appendix collects the tensor basis of the vertex functions and the explicit forms of the associated projection matrices.
Background.
We devote this section to reviewing the key properties of the MAG as well as the calculational techniques which we use. First, as noted the MAG is a particular gauge fixing where the gluons are allocated to two parts of the colour group, [4, 6, 7] . Those deriving from the centre are named diagonal or centre gluons while those which are not part of this abelian subgroup are termed off-diagonal. Given this we use the same notation as [29, 30] using letters a, b and c as off-diagonal indices but i, j, k and l as indices for gluons and other fields associated with the centre. Capital letters are reserved for the adjoint indices of the full colour group. Thus we decompose the group valued gauge field,
where T A are the group generators. As we will be summing over colour indices we define the dimensions of the diagional sector as N d A in the adjoint representation and N o A for the off-diagonal sector. Thus 1
where N A is the dimension of the adjoint representation in the full group. The dimension of the fundamental is N F . So
As an example for SU (N c ) we have
. Though we will work throughout with an arbitrary colour group and only specify SU (3) in certain cases. In this notation the gauge invariant QCD Lagrangian is, [29] ,
where G A µν is the usual field strength and there are N f massless quarks ψ. Translating this to the MAG situation the field strength splits into two terms since
The main difference between this Lagrangian and the canonical covariant gauge fixing term is that in L MAG gf the prescription to fix the gauge for the off-diagonal gluons is different from that of the diagonal gluons, [4, 6, 7] . As this construction has been discussed elsewhere we record the full gauge fixed MAG as
It is worth noting at this stage we are basing this on the more general modified MAG discussed in [21] . Though the interpolating parameter, ζ, which is apparent in [21] and [22] is set to the specific value for the MAG itself. Its interpolating property is not relevant for this article. In addition to this, given the nature of this construction we need to make comments relevant to our analysis. First, there are two gauge parameters, α andᾱ. The latter is the parameter associated with the centre gluons and as such only appears in the quadratic term. It is necessary in order to construct the centre gluon propagator and is set to zero thereafter. In other words that sector is gauge fixed in the Landau gauge, [22, 29] . For the off-diagonal gluons the gauge parameter appears in the interactions as well as the quadratic term. Moreover, it cannot be set to zero after the propagator has been constructed since several interactions would have singular couplings. Thus a non-zero α is retained throughout. Though we note that aside from the gauge parameter renormalization all the other renormalization group functions are finite in the α → 0 limit. For the quartic terms we use a compact notation for the structure functions, [30] ,
In other words the subscript denotes whether the summed index is from the centre or off-diagonal sector. In this respect it is worth noting one consequence of the Lie algebra. If
and
These are important when it comes to performing the group theory associated with Feynman diagrams. In addition to the α dependence in (2.5) the gauge fixing requires Faddeev-Popov ghosts, c A . These are associated with each colour sector. It is worth noting that while ordinarily an abelian gauge theory does not have coupled ghosts this statement only applies to the case where the gauge fixing is linear. For instance, in the 't Hooft-Veltman gauge, [41] , there are interacting Faddeev-Popov ghosts. The situation is the same here in that the MAG, being a nonlinear gauge fixing, produces centre ghosts which couple in a non-trivial fashion. Moreover, there are quartic ghost terms. These together with the other interactions do not spoil renormalizability which has been established in [20, 22, 23, 24, 26, 29] . As part of the renormalization we note that the renormalization constants for the fields and the parameters are
where the index i on objects in the subscript are to indicate the centre sector and there is no summation over this label when it is repeated. Bare quantities are denoted by the subscript o . We use the same conventions as [30] . In particular we dimensionally regularize in d = 4 − 2ǫ dimensions where ǫ is the regularizing parameter and the mass scale µ is introduced to ensure the coupling constant is dimensionless in d-dimensions. We have included the abelian gauge parameter renormalization for completeness but it will not be discussed here as the Landau gauge will be chosen for that sector. Also we have provided (2.10) to highlight that there is a nontrivial aspect to the renormalization of QCD in the MAG. When one fixes a gauge the remnant of the original gauge symmetry becomes manifest in the Slavnov-Taylor identities via the underlying BRST symmetry. These place certain constraints on the renormalization constants which must be respected in any computation and renormalization scheme. Those identities for the ordinary linear covariant gauge fixing are well known and can be established systematically by the algebraic renormalization technique [42] . However, when that method is applied to the MAG the diagonal ghost and anti-ghost renormalization constants are not defined in the canonical way, (2.10), [29] . This has been checked to three loops in MS in [30] . Therefore, we have to allow for this in our definitions. Moreover, to determine the centre ghost renormalization at one loop requires a two loop renormalization of a vertex function. A second consequence of the Slavnov-Taylor identities is that the centre gluon wave function renormalization constant is not an independent renormalization. It is related to the coupling constant renormalization, [29] , and as such provides an independent check on any computation. For completeness the relevant renormalization group functions we will consider here in the various MOM schemes are
where the form of γ α (a, α) is due to the fact that unlike a linear covariant gauge fixing Z α is not unity. The quantity a is defined to be a = g 2 /(16π 2 ). Also we have included α dependence on the β-function since in mass dependent renormalization schemes such as the MOM cases we consider here the β-function is gauge dependent.
Having defined the renormalization group functions in relation to the renormalization constants for a particular scheme we now recall the formalism which relates the expressions between two different schemes. First we note that the parameters such as the coupling constant and the gauge parameter are associated with a scheme and therefore their values differ between schemes. They are related via their respective renormalization constants. In particular *
where we use MOMi to label a typical MOM scheme and use these as well as the MS scheme to illustrate the formalism for converting between schemes. However, it is important to realise that the explicit relation between the parameters is found recursively. This is because on the right hand side of each of the equations of (2.12) the MOMi renormalization constant is a function of the parameters in that scheme. Therefore these have to be mapped order by order in the perturbative expansion to the reference scheme, which will be MS throughout, prior to extracting the parameter relation at a particular loop order. Otherwise one would not have a relation between parameters which is finite with respect to the regularization. Once the mapping of the parameters from one scheme to another has been established it is possible to define conversion functions for all the renormalization group functions. These are similar to (2.12) and are given by
where φ denotes the field associated with the anomalous dimension and the arguments of the conversion functions are the MS parameters as this is the reference scheme. Though for the gauge parameter we define
14) * The second equation corrects an obvious error in the corresponding relation in [19] .
as the conversion function. Again the perturbative expansion of each conversion function is finite with respect to ǫ at each order once the parameter mapping has been applied. Equipped with these then the relations between the renormalization group functions in the various schemes are
where φ also includes α here now and the subscript MS → MOMi indicates there is a mapping of the parameters after the evaluation of the quantity. The MS parameters in the square parentheses are mapped to those of the MOMi scheme. We have written (2.15) in this particular form in order to indicate its derivation originates from the renormalization group formalism but the two derivatives can be simply related to C MOMi g (a, α). From (2.15) and (2.16) it is clear from examining the a dependence that to deduce the two loop renormalization group functions in the MOMi scheme only the one loop conversion functions are needed as the two loop MS renormalization group functions are known. In essence the conversion functions derive from the finite parts of the vertex functions after renormalization which we will deduce as part of our computations for each of the 3-point vertices.
Given the structure of the trivalent vertices in the Lagrangian and our aim of computing in the MOM setup it appears that there are six such possible schemes. This is in contrast to the linear covariant gauge fixing where there are three schemes deriving from the triple gluon, ghost-gluon and quark-gluon vertices. However, in the MAG there are only three rather than the potential six MOM schemes. This is because the Slavnov-Taylor identity renders the vertices involving the centre gluons effectively trivial. The coupling constant renormalization constant derived from these vertices is already determined by this identity. Thus the three schemes we will focus on are those which are completely parallel to those of [18] where the gluon is off-diagonal. Given this we recall the computational setup which will be completely parallel to [19] . First we decompose each vertex function at the symmetric subtraction point into the scalar amplitudes with their associated Lorentz tensor basis. Factoring off the overall colour tensors for each vertex function using
then we write
Throughout we use p and q as the two independent external momenta which will be the incoming momenta for the ghost and quark lines in their respective cases. The third external momentum is r where
The symmetric point is then defined as
To determine each scalar amplitude within a vertex function we use the same projection method and tensor basis as [19] where the explicit derivation is detailed. The explicit forms of the tensors and projection matrices M i kl , where i denotes the vertex, are given for completeness in appendix A. Though we recall that
are the linear combinations for each Lorentz channel. For the quark-gluon vertex we use the generalized γ-matrices denoted by Γ (n) and defined by
where a factor 1/n! is understood in the total antisymmetrization. Properties of these matrices have been detailed in [43, 44, 45, 46, 47] . In this basis which spans the space of γ-matrices there is a natural partition due to tr Γ
which is evident in (A.6).
Once all the vertices have been decomposed into their Lorentz scalars we have to reduce the large number of Feynman integrals to a form in which they can be evaluated. We have chosen to use the Laporta approach, [48] . This method allows one to construct all the integration by parts identities for a minimal set of basic topologies. Suitably chosen these cover all possible topologies which arise in the vertex functions. Once the relations between all the integrals are known then they can be algebraically solved to a small set of master graphs. Ordinarily these have to be determined by non-integration by parts methods. In practical terms the Laporta algorithm has been coded in several packages. We have used Reduze, [49] , which uses GiNaC, [50] , and built the necessary database. At one loop there is one basis topology. For each vertex function we have used Qgraf, [51] , to generate all the Feynman graphs and then mapped them on to the basic topologies. We have appended colour and Lorentz indices in the initial steps too. Throughout we have used Form, [52, 53] , as the computational tool to handle the algebra symbolically. For the triple off-diagonal vertex there are 23 one loop graphs. The ghost-gluon vertex has 16 graphs and there are 5 for the quark-gluon vertex. Briefly for the 2-point functions we have used Mincer, [54, 55] , in order to evaluate the small number of straightforward graphs.
Given that we are working in the MAG it is worthwhile recalling some of the group theory identities which we have had to use, [30] . As the colour group has been split into two sectors we have to be careful in implementing this symbolically. Useful in this instance is the set facility in Form in order to treat centre and off-diagonal indices separately. The starting point for deriving any group identities for the split Lie algebra is the original identities. First, the usual Casimirs are defined by
where I is the identity. The former gives the non-trivial results
if one recalls the structure functions can only have at most one centre index. These imply
The remaining equations of (2.25) give the simple expressions
as well as
The Jacobi identity
provides more results which we needed such as
A useful relation between dimensions is
which is required usually for simplifying algebra from the quark sector. These basic results and others have been coded within a Form module and applied prior to the integrals being mapped to the basic topologies. This is because as was noted in [30] the group theory for some graphs is zero. Hence in such cases there is no need for a calculation to be performed.
MS scheme.
As a preliminary to the MOM scheme computations we first record the results for the amplitudes in the MS scheme. This is the basic reference scheme. Indeed to deduce the two loop MOM scheme renormalization group functions using the conversion functions, the two loop MS results are necessary. Therefore, for completeness we note that these are † , [29, 30] , Though the three loop results are also available, [30] .
Next the full one loop amplitudes for each of the three vertex functions which we have calculated here in MS are
for the triple gluon vertex. Those for the other two vertices are
where ψ(z) is the derivative of the logarithm of the Euler Γ-function and ζ(z) is the Riemann zeta function. In the course of deriving these we have verified that the one loop MS anomalous dimensions are in agreement with those found in [29, 30] . There the vertex functions were renormalized at the asymmetric point where the momentum of one of the gluon lines for the triple gluon vertex, and the gluon line in the remaining vertices was nullified. While this is an exceptional momentum configuration it is still possible to extract the MS renormalization constants. In changing the subtraction point to the symmetric one the same MS renormalization correctly emerged. It is worth noting that essentially the contributions to the Lorentz channels containing the poles in ǫ will form the basis for the MOM renormalization. One minor check on the expressions is that the correct symmetry structure for each vertex emerged. In other words the relations between the various amplitudes for the triple off-diagonal gluon vertex, for instance, are consistent with expectations based on [19] . In defining the basis of Lorentz tensors we made no assumptions about the structure which should be present.
MOMggg scheme.
Having discussed the structure of the 3-point vertices in the MS scheme at one loop in detail we can now renormalize in each of the MOM schemes defined by the same vertices. Given that the method and results for each of the MOMggg, MOMh and MOMq schemes are all effectively the same we focus on the former and present the full analytic results of the amplitudes for the vertex defining each scheme. For the other two cases we give condensed versions in the subsequent sections as the full results are in the data file. With the finite parts of the Green's functions being available we define the MOMggg scheme in the MAG in the same way as in QCD, [18] , by ensuring that after renormalization there are no O(a) corrections to the Lorentz channels containing the divergences in ǫ. In other words for the first six amplitudes there are no O(a) parts at the symmetric point but the remaining eight amplitudes can have O(a) contributions. Given this and the MS results we find that the mappings of the parameters between the schemes are
Given the nature of the one loop 2-point functions it transpires that the gauge parameter mapping is the same for all schemes. This is because the effect the scheme choice makes on the renormalization of the gauge parameter does not occur until two loops. The same comment applies to the conversion functions for the field renormalizations. Therefore, in order to construct the two loop renormalization group functions we need only record the conversion function for the coupling constants. For MOMggg we have
For the other conversion functions we do not label them with the scheme but note that like C MOMggg g (a, α) the variables on the left hand side are the MS ones as is our convention. Thus we have
Having determined the conversion functions it is straightforward to apply the renormalization group formalism to construct the two loop MOMggg renormalization group functions. For the β-function we find
The anomalous dimensions are
The explicit forms of the associated amplitudes are
Again we observe that the same symmetries emerge as in the MS case which is a minor check on the computation.
MOMh scheme.
Having recorded the results for the triple gluon vertex at length we briefly present the results for the ghost-gluon vertex in numerical form in order to save space. The full analytic expressions are given in the attached data file. Given the nature of the MOMh scheme the amplitudes are effectively trivial since
This is because of the symmetry of the original ghost-gluon vertex and the definition of the MOMh scheme. With the coupling constant conversion function for SU (3)
we can deduce the two loop MOMh anomalous dimensions. They are
which agree with the explicit direct two loop computation.
6 MOMq scheme.
For the MOMq scheme we also give the results in numerical form for SU (3). Though the non-channel 1 amplitudes are non-trivial here since
The associated coupling constant conversion function is
from which we deduce that the two loop SU (3) renormalization group functions are
Unlike MOMh the quark anomalous dimension is cubic in the gauge parameter.
7 Curci-Ferrari gauge.
One interesting property of the maximal abelian gauge is that in the formal limit N d A /N o A → 0 the Lagrangian becomes equivalent to gauge fixing QCD in the nonlinear Curci-Ferrari gauge, [31] . More specifically the Lagrangian for the choice of the Curci-Ferrari gauge is, [31] ,
Here the colour indices have the formal range 1 ≤ a ≤ N A where N A is the dimension of the adjoint representation of the colour group and α is the associated gauge parameter. This gauge choice differs from the usual linear covariant gauge fixed Lagrangian in that there is a quartic ghost vertex and the ghost-gluon vertex is different. The former vertex does not exclude renormalizability which can be seen using simple power counting with the proof given in [20, 22, 23, 24, 26, 29] which provides the relations between the various renormalization constants. The gauge parameter differs also from that of the linear gauge fixing but when α = 0 then (7.1) reduces to the Landau gauge Lagrangian, [31] . It is straightforward to deduce that the Curci-Ferrari gauge is a particular limit of (2.5) by examining that Lagrangian and omitting any interaction with a centre field. In some respects given the non-renormalization of certain aspects of those fields the centre could be regarded as analogous to a background field in the context of the background field gauge, [56, 57, 58, 59, 60, 61, 62, 63] .
Given the close relation between this gauge and the MAG, we have renormalized (7.1) in the three MOM schemes defined by the 3-point vertices. We did this directly and independently of the MAG and its limit to the Curci-Ferrari gauge in order to have an independent check on our computations. In other words we verify that the limit of the MAG renormalization group functions and amplitudes agree when N d A /N o A → 0. Therefore, for completeness we record the direct results for the Curci-Ferrari gauge in the three MOM schemes. First, we recall that the relevant two loop MS renormalization group functions are, [64, 65] ,
For the MOM results we first record the mappings for the parameters at one loop for each scheme. The three coupling constant mappings are
Subsequently we can deduce that the coupling constant conversion functions in each scheme are
At one loop the gauge parameter mapping is the same in each scheme, similar to the MAG, and thus we have
Equally the conversion functions for the wave function renormalization constants are the same in each scheme and are
As before we have checked that the scheme independent one loop parts of the renormalization group functions correctly emerge in our direct evaluation. Equipped with these and the one loop conversion functions which derive from the finite parts of the Green's functions we find the following results for the renormalization group functions. First, for the MOMggg scheme we have
The results for the scheme based on the ghost vertex are similar since
Finally for the MOMq scheme the results are more involved since
We have concentrated on the renormalization group functions for the Curci-Ferrari gauge. The explicit form of the various amplitudes can be deduced from the MAG expressions given in the data file in the N d A /N o A → 0 limit. We have checked that these agree with the direct evaluation performed in the Curci-Ferrari gauge itself.
Λ parameters.
Having provided all the one loop structure for the MAG and the Curci-Ferrari gauge for the MOM schemes we now briefly discuss the relation between the Λ parameters in the MOM schemes to those in the MS scheme. This parameter sets the fundamental scale in QCD and corresponds to the boundary between infrared and ultraviolet physics. However, its actual value depends on the renormalization scheme one is considering. Though one remarkable feature of this non-perturbative quantity is that the ratio between Λ parameters in different schemes can be determined exactly from a one loop computation. In [18] those relations for the various MOM schemes were determined and we repeat that analysis here for the MAG and CurciFerrari gauges. In essence the ratio of parameters reflects the first term of the coupling constant conversion function. First, we define
where
originates from the one loop β-function. Then for each of the three MOM schemes in the MAG we have
While these are the explicit results it is perhaps more instructive to compare with the Landau gauge results of [18] . Therefore we have provided the values for the same choice of N f and α given in [18] for each scheme for SU (3) in Table 1 . Though it is important to note that our α is not the same parameter as in [18] and also the distinction between the MS and MS results of [18] . Interestingly for certain choices of α and N f the ratio is less than unity. We have repeated the analysis for the Curci-Ferrari gauge and the parallel results are presented in Table 2 . Those for the MOMggg and MOMq schemes are equivalent to those of the linear covariant gauge fixing of [18] . This is because the coupling constant mapping is the same for both cases despite the fact that the ghost-gluon vertex is different. This does not affect the one loop vertices since the differences cancel out. However, this is not the case for the MOMh scheme since the quartic ghost vertex contributes to the mapping for all α and in the Landau gauge case the differences in the ghost-gluon vertex are significant. However, the same increase and decrease of the ratio with α and N f is parallel to that for the standard linear covariant gauge fixing results of [18] . Table 2 . Values of λ MOMi (α, N f ) for the Curci-Ferrari gauge in SU (3).
9 Discussion.
We make some comments on our analysis. First, we have provided all the information on the 3-point vertex functions relevant for the definition of the MOM schemes for the maximal abelian gauge. This is an analysis parallel to that of [18] for QCD fixed in the canonical linear covariant gauge. One motivation was to provide this data in relation to future lattice analyses of the vertex functions in the infrared in order to have precision matching at high energy. Moreover, the explicit values of the amplitudes will be useful for assisting overlap with Schwinger-Dyson studies. Several features which were observed in [30] are again present. One is the relation to the Curci-Ferrari gauge in that results from the latter can be derived from the MAG in the replicalike limit where the centre of the group is formally excluded. However, we have verified that the results in this limit are consistent with the direct calculation in the Curci-Ferrari gauge itself. Given properties of the renormalization group equation the one loop conversion functions for relating parameters in the MOM schemes to those of the MS scheme have allowed us to compute the two loop renormalization group functions in each of the three MOM schemes. These have direct parallels with those of [30] since they are based on the triple gluon, ghost-gluon and quark-gluon vertices. Though an essential difference here is that with the split nature of the colour group in the MAG, it is the vertices with the off-diagonal gluons which are relevant. This is due in part to the fact that there are Slavnov-Taylor identities which ensure that the structure with vertices with centre gluons are predetermined. Indeed this is not unrelated to the fact these gluons are similar to the background fields of the background field gauge of [56, 57, 58, 59, 60, 61] with the off-diagonal gluons corresponding to the quantum fluctuations. Whether this scenario is significant in the picture of abelian monopoles underlying a picture of colour confinement would be interesting to investigate.
A Tensor basis.
In this appendix we record for completeness the tensor basis for each of the three 3-point vertices, using the same notation as [19] . For the triple gluon vertex we use the original tensor basis with the basis tensors P ggg (1)µνσ (p, q) = η µν p σ , P ggg (2)µνσ (p, q) = η νσ p µ , P ggg (3)µνσ (p, q) = η σµ p ν P ggg (4)µνσ (p, q) = η µν q σ , P ggg (5)µνσ (p, q) = η νσ q µ , P ggg (6)µνσ (p, q) = η σµ q ν P ggg is the projection matrix. Finally, the quark-gluon vertex basis is
